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1. Introduction 
The idea of constructing with subdirect products was exhibited in [l] and 
worked out in [2] for complete lattices. The developed construction method was 
used in [4] to elaborate the fusion of (data) contexts via a specific subdirect 
product of their concept lattices. In this paper we shall give a direct approach to 
the (generalized) fusion of contexts and the corresponding subdirect product 
construction of concept lattices; this approach may conversely be used to obtain 
the results of [2]. We shall start with a description of the complete sublattices of a 
concept lattice within its underlying context. This leads to a characterization of 
contexts corresponding to the complete subdirect products of concept lattices. We 
are able to construct a subdirect product if we know the images of a generating 
subset under all projections to its factors. The main result will be that this 
construction can be imitated in the language of contexts. 
Finally, the construction method will be demonstrated by two examples. 
2. Complete sublattices 
In this paper we understand under a complete sublattice of a complete lattice L 
a subset of L which is closed under arbitrary infima and suprema and which in 
particular contains the smallest and the greatest element of L. For basic notions 
and results concerning contexts and concept lattices we refer to [3]. Let (G, M, I) 
be a context. For an arbitrary relation .Z between G and M, for X E G and 
YcM, wedefineXJ:={m~M~g.ZmforallgeX} andY’:={gEGIg.Zmforall 
m E Y}; instead of {g}’ and {m}‘, where g E G and m E M, we also write gJ and 
mJ, respectively. .Z is called a closed relation of the context (G, M, I) if every 
concept of (G, M, J) is already a concept of (G, M, Z). For a complete sublattice 
(5 of B(G, M, Z) we define C(G) := lJcA,B)EG A x B. 
Theorem 1. C is a bijection from the set of all complete sublattices of !23(G, M, Z) 
onto the set of all closed relations of (G, M, Z); in particular, C-l(J) = %(G, M, J) 
for each closed relation J of (G, M, I). 
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Proof. Let .Z be a closed relation of (G, M, I). Then 23(G, M, J) is a subset of 
‘23(G, M, I) containing (M’, M) (= (MJ, M)) and (G, G’) (= (G, G’)). The 
characterization of the infima a.id suprema in concept lattices given in [3] yields 
that !23(G, M, J) is even a complete sublattice of ‘93(G, M, I). For a complete 
sublattice 6 of %(G, M, I), C(E) . IS s h own to be a closed relation of (G, M, I) if 
we prove that (5 = ‘23(G, M, C(E)). Ob viously, G G %J(G, M, C(E)). Let g E G 
and let D := n {A 1 (A, B) E G and g E A}. We use the abreviation .Z:= C(G). 
Since D is an extent of (G, M, J), we have gJJ c D. For each m E g’ there is a 
concept (A, B) in G with (g, m) EA x B which implies m E D’; hence gJ = D’ 
and g” = D. Therefore (g”, g’) E (5 for all g E G. Now, ‘23(G, M, J) E L5 follows 
from the fact that every concept (A, B) of (G, M, J) is the supremum of the 
(gJJ, g’) with g E A. By establishing the equality (5 = m(G, M, C(Q), we have 
finished the proof of Theorem 1. 0 
B. Ganter observed the following useful characterization for closed relations of 
contexts. 
Proposition 2. J is a closed relation of (G, M, I) if and only if J is a subset of Z 
and satisfies the following condition: 
(g, m) E Z\J implies (h, m) 4 Z for some h E G with gJ E h’ and 
(g, n) $ Z for some n E M with mJ E nJ. 
(*) 
Proof. Let .Z be a closed relation of (G, M, I). Since (gJ’, g’) and (m-‘, m”) are 
concepts of (G, M, I) for g E G and m E M, J E Z and .Z satisfies ( * ). Conversely, 
let .Z be a subset of Z satisfying (*). Let (A, B) a concept of (G, M, J). Obviously, 
B G A’. Suppose (g, m) $ J for some (g, m) E A X A’. By ( * ), there exists h E G 
with B E gJ c h’ and (h, m) $ I. It follows that h EA which contradicts m E A’. 
Therefore A’ = B and dually B’=A, i.e., (A, B) is a concept of (G, M, I). 
Hence .Z is a closed relation of (G, M, I). 
3. Complete subdirect products 
The sum of a family of contexts (G,, M,, I,) (t E T) is defined by 
the symbols U and lJ are standing for disjoint unions. From [3] we recall the 
following proposition. 
Proposition 3. !8(C,,T(Gt, M,, 4)) G X,TB(Gt, M, I,). 
Proof. A natural isomorphism from g(c&T (G,, M,, I,)) onto &ET EJ(G,, M,, 4) 
is given by (A, B) H ((A fl G,, B n M,) 1 t E T). 0 
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A complete subdirect product of complete lattices is a complete sublattice of their 
direct product which surjectively maps onto the factors under all projections. For 
characterizing the closed relations of a context sum which correspond to complete 
subdirect products of concept lattices, we need the following definition: A bond 
from a context (G,, it-I,, I,) to a context (G,, M,, I,) is a subset .I of G, x M, for 
which g’ is an intent of (G,, M,, I,) (g E G,) and mJ is an extent of (G,, M,, I,) 
(m EM,); i.e., the extents of (G,, M,, J) are extents of (G,, M,, I,) and the intents 
of (G,, M,, J) are intents of (G,, M,, 4). If we name a bond from (G,, M,, I,) to 
(G,, M,, I,) by J,,, for Xc G, and Y c M,, we write X’ instead of XJsl and Y” 
instead of YJ=. 
Lemma 4. Let J, be a bond from (G,, M,, I,) to (G,, M,, I,) and let Js, be a bond 
from (G,, M,, I,) to (G,, M,, I,). Then J, 0 Jsf := {(g, m) E G, x M, 1 g”” c ms} is a 
bond from (G,, M,, I,) to (G,, M,, 4). 
Proof. Let J:= J,, 0 Jsl. Since g”” E ms is equivalent to m E g”‘, we have gJ = g”“‘; 
hence gJ is an intent of (G,, M,, I,). Since g” s ms is equivalent to g E mssr, we 
have mJ = mssr; hence mJ is an extent of (G,, M,, I,). 
Corollary 5. For a bond J, from (G,, M,., I,) to (G,, M,, I,) the following 
conditions are equivalent: 
(1) Jrt G Jm o Jst; 
(2) g’ E g”’ for all g E G,; 
(3) m’ c_ mssr for all m E M,. 
Theorem 6. Let (G,, M,, Z,) (t E T) be a family of contexts and let 1 be the 
isomorphism from XreTB(Gr, M,, Zt) onto B(C,,,(G,, M,, I,)) given by 
h((A, 4) 1 t E T) := (LJreT& U,T&); furthermore, let J be a subset of 
UteT G, x C_JteT M, and let J,, : = J fl G, X M, for s, t E T. Then the following 
conditions are equivalent: 
(1) tPIC-‘(J) is a complete subdirect product of the B(G,, M,, I,) (t E T); 
(2) J is a closed relation of CreT (G,, M,, I,) with J, = Z, for t E T; 
(3) The J,, are bonds from (G,, M,, I,) to (G,, M,, I,) with J, = Z, and J,, E 
J Ts 0 JsI for r, s, t E T. 
Proof. The equivalence of (1) and (2) is an immediate consequence of Theorem 1 
and Proposition 3. Let us assume that J satisfies (2). For g E G,, (g”, g’) is a 
concept of CrcT(GI, M,, I,). S’ mce g’ = gf fl M,, it follows that g’ is an intent of 
(G,, M,, II). Dually, we obtain that ms is an extent of (G,, M,, I,) for m EM,. 
Hence J,, is a bond from (G,, M,, I,) to (G,, M,, Z,) for all s, t E T. For g E G,, we 
have g” s gJJ and so g’ = gJJ’ s g”‘. Therfore J,, E J, 0 JsI by Corollary 5. This 
finishes the proof of (3). Now, let us conversely assume that J satisfies (3). Let 
g E G, and m E M, with (g, m) $ J and r Zs. Since J, is a bond from (G,, M,, I,) to 
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(G,, MS, I,), g” is an intent of (G,, MS, Is) and so there exists h egSS with 
(h, m) $ I,. By Corollary 5, for each t E T we have g’ s g”’ E h’; hence g’ E h’. 
This together with the dual argument shows that J satisfies the condition (*) of 
Proposition 2. Thus, (2) is valid. Cl 
In [4], it is shown that bonds between contexts correspond to V-morphisms 
between their concept lattices. Using this characterization, we may deduce Satz 
3.2 in [2] from Theorem 6. 
4. Fusion of contexts 
For describing the subdirect product construction, it is convenient to use the 
following notions: For a set P, the pair (L, (t’) is called a complete P-lattice if L is 
a complete lattice and if (Y maps P onto a subset of L which generates L as a 
complete lattice. If P := (1, 2, . . . , n}, the complete P-lattice (L, (Y) is also 
called complete n-lattice. (L, a) is said to be the P-product of the complete 
P-lattices (L,, a;) (t E T) if ap = (qp 1 t E T) E XrET L, for p E P and if L is the 
complete subdirect product of the L,(t E T) generated by CUP (cf. [l]). 
Theorem 7. Let (3, (u) be the P-product of the complete P-lattices 
@(G,, M,, I,), at) (t E T) and let L be the embedding of 3 into 5X3(&- (G,, M,, I,)) 
given by l((A1, B,) 1 t E T):=(UJtcTAt, CJrE,Br). Then C(&?) is the relation J 
between UreT G, and I.&= M, for which J,, = I, and for which J,, is the smallest 
bond from (G,, MS, I,) to (G,, M,, I,) containing A$’ x Bf with asp = (AC, Bf) and 
cu,p = (A$‘, B$‘) for all p E P, respectively (s, t E T with s # t). 
Proof As the intersection of bonds is again a bond, for s ft in T, there is a 
smallest bond J,, from (G,, MS, I,) to (G,, M,, I,) containing A$’ x B$’ for all p E P. 
Let J, : = Z, and let J : = CJ,,rET J,,. Since A$’ x B$ E J, and A$’ x B: E J,,, we have 
g”sA$‘~rnS for (g, m) E A: x BT; hence A: x B$’ E J, oJ,, for all p E P. 
Therefore J, c J, oJ,, for r, s, t E T by Lemma 4. Now, Theorem 6 yields that 
L-~C-‘(J) is a complete subdirect product of the B(G,, M,, I,)) (t E T) contain- 
ing aP. As J E C(&), it follows that ~-l(c-l(J) = 9 and so C(&) = J. 0 
Let us call the pair ((G, M, Z), LY) a P-context if (‘93(G, M, I), (u) is a complete 
P-lattice. Theorem 7 suggests to introduce the P-fusion of the P-contexts 
((G,, M,, I,), L~I) (t E T) as the P-context ((l_& G,, CJrcTMt, J), (u) satisfying the 
following conditions: 
(i) J, = I, for t E T; 
(ii) J,, is the smallest bond from (G,, M,, Zs) to (G,, M,, I,) containing A$’ x B$’ 
for cu,p = (A$!, B$‘) and cyfp = (A;, B$‘) (s # t in T); 
(iii) cyp = (UtETAj’, UteT B+‘) for all p E P; 
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the context (Lb-G,, UrcTMr J> is also said to be the P-fusion of the given 
P-contexts. If (G, M, I,) (t E T) are contexts with the same set of objects and the 
same set of attributes, we may understand them as P-contexts with P := GGM 
and a,g := (g”, g’) E B(G, M, I,) for g E G, cu,m := (m’, m”) E B(G, M, I,) for 
m EM. The P fusion of the ((G, M, I,), (u,) we shortly call the fusion of the 
contexts (G, M, Z,) (t E T) as in [4]. 
5. Two examples 
To obtain a comparison with the methods of [2], we first construct the lattice 
FN,(5) freely generated by three elements in the variety generated by a Selement 
non-modular lattice A$. FN,(5) can be obtained as a 3-product of the 3-lattices 
(Z,, a) where L equals A$ or a fixed 2-element lattice 4; the corresponding 
3-contexts are the following: 
The generating concepts (A{, B{) (p = 1, 2, 3) of B(G,, M,, I,) are indicated by 
the numbers heading the rows and columns of the tables; A: and Bf consist of the 
objects and attributes, the rows and columns of which are headed by p, 
respectively. For constructing the 3-fusion of the given 3-contexts, we place the 
tables above on the main diagonal of a square table and fill in crosses for all 
A$ x By. Then we generate all bonds in extending alternately the intents g’ and 
the extents ms to become the smallest intent of (G,, M,, Z,) containing g’ and the 
smallest extent of (G,, MS, I,) containing ms, respectively; this procedure of 
adding further crosses may alternate arbitrarily long in general. The result of the 
described generating process for the given 3-contexts is given in Table 1. 
The reduction to irreducible objects and attributes yields a context with twelve 
objects and twelve attributes see Table 2 from which we may easily derive a 
Hasse diagram of FN,(3) (cf. [5]) see Fig. 1. 
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*s 3x x xx xx x X X xx 
- r-4 x xx x X xx x x x x 
‘tt s-0 X x x x xxx xx XX 
-X X xx xx x X X xx 
- N x xx xxx xx xx xxx x xxx 
3 xx xx xxx xxx xxxxxx xx xxx 
c-4 x xx x X xx x x x x 
-Y 3X xxx xx xx xx x xxx xxx 
2x x xxx xx xxx xxxxx xxx xxx 
m X X x x xxx xx xx 
-- FIX xxx xx xx x xx xxx xxx 
2xX xxx xxx xx xx xxx xxx xxx 
2xX xxx xxx xx xx xxx xxx xxx 
‘1 N x xx xxx X xx xxx xx xxx 
m X X x x xxx xx xx 
2x x xxx xx xxx xxxxx xxx xxx 
s m X xx X xxx xxxxx xx xxx 
N x xx x X xx x x x x 
gj xx xx xxx xxx xxxxxx xx xxx 
oa m X X xx xxx xxxxx xx xxx 
3X X xx xx x X X xx 
u 2xX xxx xxx xx xx xxx xxx xxx 
9 2x x xxx xx xxx xxxxx xxx xxx 
D gj xx xxxxxxxxxxxxxxxx xxx 
2 
-ram -cJg r-J-2 m-2 ~N”““N C.&m- Nc.-lrn 
-%-IN 
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ghijkl def 
332112 321 
a 1 
b 2 
c 3 
2 
a 1 
i 1 
2 
: 3 
1 3 
d 12 
e 13 
f 23 
x x x x X 
X X X X X 
x x x x X 
x x x x x x x x X 
x x x X x x x x X 
x x x x x x x x X 
x x x x x x x 
~,:t. ::“x;zxx :: 
X 
x x x xxxxxx x x 
x x x x x x x x x X X 
x x x xxxxxx x x 
Fig. 1. 
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Table 3 
Forurn Romanum 
Baedecker 
Les Guides Bleus 
Michelin 
Polyglott 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
Arch of Septimus Severus 
Arch of Titus 
Basilica Julia 
Basilica of Maxentius 
Column of Phocas 
Curia 
House of Vestals 
Porticus of the twelve gods 
Temple of Antonius and Faustina 
Temple of Castor and Pollux 
Temple of Romulus 
Temple of Saturn 
Temple of Vespasian 
Temple of Vesta 
1 1 2 1 
1 2 2 0 
0 0 1 0 
1 0 0 0 
0 1 2 0 
0 0 0 1 
0 0 1 0 
0 1 1 1 
1 1 3 1 
1 2 3 1 
0 1 0 0 
0 0 2 1 
0 0 2 0 
0 2 2 1 
The fusion of contexts was introduced in [4] to provide a common view for 
individual data sets; our second example shall demonstrate this. Table 3 describes 
how different guides evaluate Roman monuments of the Forum in Rome by * , 
* * , or * * * . We interpret the evaluations of each guide as an individual context 
with the attributes ~1, ~2, and <3 (its concept lattice is then obviously a chain). 
The fusion of the reduced individual context is given by Table 4. 
We notice that the union of all sets A{ X By is already a closed relation; Reuter 
observed that this is true for all P-fusions of finitely many finite reduced 
P-contexts with distributive concept lattice. Finally, we show the concept lattice 
of the constructed fusion in Fig. 2. 
Table 4 
B G M P 
<l <1 <2 <1 <2 <3 <1 
B 1, 2, 4, 9, 10 x x x x x X 
G 1, 5, 8, 9, 11 X X x x x X 
2, 10, 14 X X X 
3,7, 8 X x x x x X 
M 1, 2, 5, 12, 13, 14 X x x X X 
9, 10 X 
P 1, 6, 8, 9, 10, 12, 14 x x x x x x 
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Tern le of Antonius 
at7 Faustina 2 
of Septimus Severus 
of 
ian 
Fig. 2. Forum Romanum 
References 
[l] R. Wille, Subdirekte Produkte und konjunkte Summen, J. reine angew. Math. 239/240 (1970) 
333-338. 
[2] R. Wille, Subdirekte Produkte vollstlndiger Verbande, J. reine angew. Math. 283/284 (1976) 
53-70. 
[3] R. Wille, Restructuring lattice theory: an approach based on hierarchies of concepts. In: I. Rival, 
ed., Ordered sets (Reidel, Dordrecht, 1982) 445-470. 
[4] R. Wille, Sur la fusion des contextes individuels, Math. et Sci. Humaines 85 (1984) 57-71. 
[S] R. Wille, Complete tolerance relations of concept lattices, Contrib. General Algebra 3 (1985) 
397-415. 
